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The behavior of the distribution function for the e lec t r ic  field intensity at the cathode is 
considered including only neares t -ne ighbor  effects and is compared  with the behavior  of the 
distribution function obtained when including the effects of many ions. Motion of ions in the 
near-cathode region and their nonuniform density there are  taken into account in the calcula-  
t ions of the distribution function. It is shown that for a broad range of pa rame te r s  the r e su l -  
tant distribution function differs little f rom the distribution function found when constant den- 
si ty is assumed.  

A method was proposed [1] for taking into account the effect on the emission charac te r i s t i cs  of hot 
cathodes produced by fluctuating microfields c rea ted  in the average background field because of the motion 
of individual ions near  the emitt ing surface.  This can be accomplished by averaging the thermoemiss ion  
current  density J0 calculated f rom the R icha rdson -Dushman  formula with the Schottky correc t ion  over  the 
distribution ftmction f (E)  for  the e lec t r ic  field E at the cathode surface.  This distribution function f(E)  
was found [2] and averaging of the quantity J0 over  it per formed:  

<]> = ~]o(E) / (E)dE (io= AT~exp(--eq~o/kT +e ]/-~'IkT)) 

Here, A is the the rmoemiss ion  constant, e is the charge on the electron,  k is the Boltzmann constant, 
T is the cathode tempera ture ,  and ~o 0 is the work function. 

It was assumed [2] f i rs t  that the field intensity at a given point of the cathode depended on the loca-  
t i o n  of the ion closest  to it, and second that the ion density n in the near  cathode region of the discharge 
was constant. We discuss  these assumptions in g rea te r  detail. 

1. We show that the value of the distribution function f(E)  for large values of E is determined by the 
location of the c losest  ion. 

Let the point (x0, Y0) be on the surface of the cathode. We descr ibe a hemisphere  of radius R around 
it and assume that N ions are incident on this hemisphere.  The magnitude of the e lec t r ic  field c rea ted  by 
these ions at the point (x0, Y0) is 

N N 

E : ~ %r~ 
k=l /~=1 

We consider  the field at the cathode surface without including m i r r o r  reflection of the ions, and, in 
addition, we consider  the field intensity vec tor  E and not its normal  component E z. This leads to a change 
in the coefficients in the distribution function,but its fundamental nature is not changed. 

We fur ther  assume N ~  when R--* :r w h e r e N / ( 2 / @ v R 3 = n a n d n i s  the ion density in the main 
p lasma volume; we then set n =coas t  and show that for  variable n the basic relat ions are  also fundamentally 
unchanged. 
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We find the  p robab i l i t y  tha t  E is in the range  (E0, E 0 + dE). Using the Markov method  d e s c r i b e d  in 

detai l  in [3], we have 

iN (Eo) = " ~  exp (ipEo) AN (p) do 
--co 

N R 

AN(p)= ~ I exp(~pE~)%(r~)dr k 
k=l Ivk{=o 

w h e r e  ~k(rk) is the d i s t r ibu t ion  which  d e t e r m i n e s  the p robab i l i ty  that  the k - th  ion has the coord ina te  r k. 
We f u r t h e r  a s s u m e  that  only  those  f luc tua t ions  o c c u r  which a re  compat ib le  with a cons tan t  mean densi ty ,  
i .e . ,  Vk (rk) = 2 /3  vR37 (q), w h e r e  ~(q) is the f r e q u e n c y  at which ions a re  encoun te red .  Then 

R 

ff =0 

P a s s i n g  to  the l imi t  fo r  R - -  ~ ,  N - -  ~ ,  we have 

I (E) = - ~  exp (--  toE) A (p) ~p 

R 

( iI 70-=R~n/3\ , ' { (p)= lJI~ eXp ( ~ )  "~ (q) dl 'J  ) 

Calcu la t ing  A (O), we have 

A (p) = exp [ - -  2n ~ -  (2~q)' = Io {':'] 
and then 

] ( E ) = ~  exp - - ~  xs inxdx  
0 

(x = I P ll E {, a = ~115 (2~q)~'2n/2) 

The a s y m p t o t i c  b e h a v i o r  of  the d i s t r ibu t ion  f (E) when [E] ~ ~o has  the f o r m  

[ (E) = ~q',n [ E J-'~ (i. I) 

The main portion of the thermoemission current is determined by large values of E. The distribution 

(i.i), which was obtained by consideration of all ions near a given point on the cathode, agrees except for a 
f a c t o r  of  1 /2  with the a s y m p t o t i c  b e h a v i o r  of  the d i s t r ibu t ion  (12) in [2], which w a s  obta ined  cons ide r ing  
only the  effect  of  the n e a r e s t  ion. Thus  the f i r s t  a s s u m p t i o n  is va l id  and the d i s t r ibu t ion  (1.1) can be used  
fo r  ca lcu la t ion  of t h e r m o e m i s s i o n  c u r r e n t  densi ty .  

2. We c o n s i d e r  in g r e a t e r  detai l  the s econd  a s s u m p t i o n  about the c o n s t a n c y  of  the dens i ty  in the n e a r -  
ca thode region .  In r ea l i t y ,  the ion dens i ty  v a r i e s  because  of  the ca thode potent ia l  drop with the consequence  
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that the distribution function for the electr ic  field intensity at the surface of the cathode also var ies .  We de ter -  
mine the form of the distribution function f (E) including variable ion density. We locate the origin of the 
coordinates at the point on the cathode surface under considerat ion (Fig. 1). The x and y axes are  in the 
plane of the cathode, and the z axis is perpendicular  to it. We consider  the surfaces  S 1 and $2, the equations 
for which are  

E = 2qz (x ~ "-t- yS + z~)_./~ E - -  dE = 2qz (x ~ + y2 .~_ z2)-% 

Since the distribution function for the e lec t r ic  field intensity at the point (0, 0) is determined by the 
position of the neares t  ion, then in o rder  that the normal  component of the e lec t r ic  field fail within the range 
(Eo-dE , Eo) , it is necessa ry  there  be no ion within the region I21 and one ion in the region I22, i.e., 

p (E o - dE ~ E ,  ~ Eo) = / (E) dE = pl  (O E ~ , )  p2 (l ~ 2 )  

These considerat ions are  s imi lar  to those in [2] for the case with constant density with the exception 
the probabil i t ies Pl and P2 are  writ ten in somewhat different form. 

We consider  the var ia t ion of ion density in the near-cathode region of the discharge.  It was shown 
[4, 5] that over a broad range of discharge pa rame te r s ,  the variat ion in potential in the near-ca thode region 
is almost  l inear.  Assuming that the ion veloci ty  v is re la ted to the potential difference AU =Uo-U ex- 
per ienced by the ion through the express ion 

v =- (Vo 2 q- A U2e / m) '/2 , 

that the ions in the near-ca thode region are  nonrelat ivist ic,  and that the law for variat ion of potential is of 
the form U =U0z/z 0, where z is the distance f rom the cathode and z 0 is the thickness of the layer  in which 
the near  cathode potential drop U 0 occurs ,  we obtain 

n = no ff/smvo2) '1:[1/2mvo2 § eUo ( t  - -  z / z0)]-'/~ ( 2 . 1 )  

The relation (2.1) is shown graphically in Fig. 2 for var ious  values of U 0 arid for an initial ion veloci ty 
v 0 corresponding to a p lasma tempera tu re  of 1 eV. The curves  1, 2, and 3 cor respond to U 0 =5, 10, and 

15 V. 

As is c lea r  f rom Fig. 2, the ion density relat ive to the density in the central  region of the discharge 
var ies  only by a small  factor  for a p lasma tempera ture  of ~ 1 eV and a cathode drop of ~ 10 V with the 
var ia t ion of density being near ly  l inear  close to the cathode surface.  

Knowing the law for variat ion of density, we write down expressions for the probabili t ies Pl and P2. 

The weight V 1 assigned to the region ~1 can be calculated in the following manner:  

V l = g  f [ ( ' ~ - ) ' : ' - - z 2 ] n ( z )  dz (2.2) 
0 

In o rde r  to obtain an express ion suitable for  pract ica l  calculations, we write the expression for  n(z) 
in the fo rm 

n (z) = no A- 7z (2.3) 

The relation (2.3) is shown graphically in Fig. 2 by the dashed lines. Substituting the express ion for  
n(z) f rom Eq. (2.3) into Eq. (2.2), we have 
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4~no [ 2q /% A- ~T [ 2q /~ 
V, = ~ ~-~-] _ -~-  t-~--y 

Calcu la t ing  in s i m i l a r  fash ion  the we igh t s  a s s i g n e d  to  the r eg ions  ~2 and ~3, we have 

V~ = LW2~n~ (2q!:['~.. ~_ ~Z (2q)~ 1 d E Va = 8r0 a (n0 + "fro) 
4_Ea J ' 

We obtain  fo r  the  p robab i l i t i e s  Pl and P2 

r 2~no [ 2q I */: nT 2~no (2q) 'z _~ 4E a j d E  

The d i s t r ibu t ion  funct ion for  the n o r m a l  componen t  of the e l e c t r i c  f ield in tens i ty  has the f o r m  

z~T (2q) 2 "~ 4~no [2ql"~ z~T (2q) ~ 
2nn~ + 4E ~ ) e x p [ - - ~ 5  ~E I 8E: "] ] (E) ---- 5E'-" (2.4) 

The re l a t ion  f (E) is shown in Fig.  3 fo r  n =1016 c m  -3 and fo r  va lues  of  y equal  to 0, 1021, and 1022 
c m  -4 for  c u r v e s  1, 2, and 3. 

We ca lcu la te  the va lue  of  the t h e r m o e m i s s i o n  c u r r e n t  a v e r a g e d  o v e r  the d i s t r ibu t ion  (2.4), 

E, 
d>  = f ]o (E) f (E) dE = I~ + I~ = 

o 

2,~n0 (2q) ~A 4~n0 (2ql ~' ~T(2q)2]dE_~. i]o(E) 5E~,~ = ~ e x p [ - -  15 \ E  ] 8E~ 
o 

E, 
i nT (2q) ~ [- 4~n0 I 2q I ~'' aT (2q) 2 ] dE + J0 (E) - -  exp 
o 

(2.5) 

Dete rmin ing  11 by neg lec t ing  the s econd  t e r m  in the exponent ia l  fo r  l a rge  E, we have the app rox ima te  
e x p r e s s i o n  

f 1~ = AT2exp - -  I + (2.6) \ 

Equat ion  (2.6) a g r e e s  with the leading  por t ion  of  e x p r e s s i o n  (14) in [2]. This  e x p r e s s i o n  d e s c r i b e s  
the componen t -o f  the t h e r m o e m i s s i o n  c u r r e n t  f r o m  the cathode which c o r r e s p o n d s  to a cons tan t  ion dens i ty  
n o in the cathode l ayer .  

We de t e rmine  I2, neg lec t ing  the second  t e r m  in the exponent ia l  

, r-- ~;L I 4 - ~,-77F-) exp \ t,.f } \ A:I" / (2.7) 

Co nseque ntly, 

(]> = AT2exp / - - -~ : - ) /~  -=- \ ~ -  -~ ] exp E. '-  ~ \ /,'T ])  

We inves t iga te  the ease  where  the second  t e r m  in the b r a c e s  in Eq. (2.8) is dominant :  

(2.8) 

4~n,k7 _ 2.~T ]/ekT 
5E.~ > E,~2 

i.e., for 

~--'~' ~ ~ - ~ V  eE, (2.9) 

the t h i r d  t e r m  in Eq. (2.8) can be neg l ec t ed  in c o m p a r i s o n  with the second.  Since in c a s e s  o f  p r a c t i c a l  
i n t e r e s t  n o / y  ~ 10 -6, the  r e l a t ion  (2.9) is s a t i s f i ed  to  a high deg ree  of  a c c u r a c y  and Eq~ (2.8) a g r e e s  with 
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the expression for the the rmoemiss ion  current  density obtained under the assumption the ion density in the 
near-cathode region is constant. 

Thus, the maximum ion density gradient near  the cathode has been evaluated. If the density gradient 
sat isf ies the condition (2.9) under actual conditions, the variat ion of n need not be taken into account; o the r -  
wise one should use an expression such as Eq. (2.8). 

Thus, in the determination of the the rmoemiss ion  cur ren t  density and of the asymptotic  behavior  of the 
distribution function for the normal component of the e lec t r ic  field at the cathode, there  is no need to in- 
clude the effect of an ensemble of par t ic les  since j and f (E) are  determined by the distribution function for 
the neares t  neighbor. Over a broad range of discharge pa ramete r s ,  it is sufficient to know the ion density 
in the immediate neighborhood of the discharge in order  to determine the the rmoemiss ion  current  density. 
The density subsequently changes but has prac t ica l ly  no effect on the magnitude of the the rmoemiss ion  c u r -  
rent. Only the ion closest  to a given point on the cathode has a decisive effect on the magnitude of E. 

It was assumed the condition n e <<n i was satisfied. For  s = j i / j  e ~ 0.1, i.e., when the fract ional  ion 
current  is significant (a situation which is real ized in a gas discharge),  this condition is well sat isf ied be-  
cause the e lectron velocity close to the cathode surface is ~ 10 8 c m / s e c  while the velocity of ions which 
acquire energy in the cathode jump is no more than 10 6 cm/ sec .  
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